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SECONDARY ERRORS AND OFF-DESIGN CONDITIONS I N  

0PTIMA.L ESTDIATION OF SPACE 

VEHICLE TRAJECTORIES 

By Gerald L. Smith 

SUMMA.RY 

To estimate a space veh ic l e ' s  t r a j ec to ry  by means of l i nea r  f i l t e r  theory, 
the  navigation system and i t s  inputs must be represented mathematically. Inevi
tab ly ,  the  representation, or model, i s  imperfect e i t h e r  because of a de l ibera te  
omission o r  an approximation of cer ta in  aspects of t he  problem f o r  the sake of 
s implici ty ,  or because of inaccurate a p r i o r i  knowledge of the  system and i t s  
inputs.  The performance of t he  system i s  degraded by such imperfections or, more 
cogently, i s  not t r u l y  optimum. 

For the  estimation system t o  be optimum, a l l  e r r o r  sources, including those 
of secondary importance, must be represented i n  the mathematical model. This 
generally means t h a t  every e r ro r  a f fec t ing  system performance i s  regarded as a 
s t a t e  of the system and i n  an optimal system must be estimated along w i t h  the  
other s t a t e  var iables .  Astrodynamic constant uncer ta in t ies  and bias-type obser
vat ion e r r o r s  a re  used t o  i l l u s t r a t e  t h i s  pr inciple  and the  technique by which 
e r r o r s  a re  represented as s t a t e  var iables .  Numerical r e s u l t s  a re  given which 
show the  e f f e c t  of these two types of e r r o r s  on the  performance of a circumlunar 
midcourse guidance system. 

When the system i s  not optimum because of an incorrect model, the off-design 
performance must be analyzed. Equations a re  developed which can be adjoined t o  
the system equations f o r  computing the performance of the  nonoptimal system, 
using as an example a system with uncompensated bias-type observation e r ro r s  
mixed w i t h  the  random e r r o r s  f o r  which the system i s  designed. Numerical r e s u l t s  
a r e  given which show t h a t  performance can decline subs tan t ia l ly  i n  t h i s  s i t ua t ion  

INTRODUCTION 

In the  circumlunar midcourse guidance study reported i n  references 1 and 2,  
l i nea r  f i l t e r  theory w a s  used t o  design an optimal system for estimating a space 
veh ic l e ' s  t r a j ec to ry  from a sequence of on-board observations of space angles. 
An i n t eg ra l  par t  of t h i s  optimal system i s  a mathematical model consisting of 
the  equations of motion assumed f o r  the vehicle i n  space and the  e r ro r s  enter ing 
the  system. 

The performance f igu res  quoted i n  the previous s tudies  a re  legit imate only i f  
t he  model assumed i s  va l id .  T h i s  i s  because i n  the  optimal processing of obser
va t iona l  da ta ,  t he  estimation system c a r r i e s  on a running computation of the  



second-order s t a t i s t i c s  (covariance matrix) of estimation e r r o r .  These computed 
s t a t i s t i c s ,  which depend on the  model car r ied  within the system, a re  interpreted 
as the  performance of the  system. Obviously, if  t he  a c t u a l  system and i t s  inputs 
a re  d i f f e ren t  f r o m t h e  assumed model, the  indicated performance f igures  w i l l  
d i f f e r  from the  t r u e  performance. Therefore, there  e x i s t s  a na tura l  concern 
regarding the  appropriateness of the  model, and it is  the  purpose of t h i s  paper 
t o  explore t h i s  problem area. 

In  the  construction of a model f o r  the  e a r l i e r  s tudies ,  only the primary 
e r r o r  sources were included because e r r o r s  from other  sources were presumed t o  be 
negl igible .  Besides t h i s  omission of s m a l l  e r r o r s  there  i s  a l so  the  problem of 
the  proper representation of major e r ro r s ,  the  descr ipt ion of which always 
involves an implici t  discrepancy because, i n  prac t ice ,  the  character of the  t rue  
e r ro r s  i s  never known precisely.  Even if it were, a de l ibera te  approximation 
would usually be employed t o  keep the  system simple. 

Definit ive answers t o  a l l  possible questions regarding model inaccuracies 
of the  type described above w i l l  not be attempted i n  t h i s  report ,  primarily 
because the  subject i s  too extensive and, i n  many areas ,  somewhat i l l -def ined .  
Rather, the  emphasis here i s  on the  descr ipt ion of techniques f o r  analyzing 
any e r r o r  s i tua t ion  desired.  Two examples of model inaccuracies w i l l  su f f ice  t o  
i l l u s t r a t e  the techniques. These a re  described i n  the  following paragraphs. 

The f i r s t  inaccuracy t o  be considered a r i s e s  f r o m t h e  f a c t  t h a t  the  equa
t i o n s  of vehicle motion within the  system a re  not a perfect  representation of the 
t r u e  t r a j ec to ry  dynamics. This gives r i s e  t o  unavoidable inaccuracies which 
cons t i tu te  one of t he  secondary types of e r r o r  neglected i n  the e a r l i e r  analysis .  
This i s  qui te  a complex e r ro r  source which w i l l  not be thoroughly analyzed here,  
but one type of computational e r r o r  which i s  wel l  defined i s  convenient t o  use 
as an example. This i s  the  inaccuracy due t o  the  uncertaint ies  i n  the  knowledge 
of the  astrodynamic constants which appear i n  the  equations of motion. In t h i s  
paper it i s  shown how these uncertaint ies  can be accounted f o r  i n  the system 
synthesis and thus optimally compensated i n  the  estimation process. An espe
c i a l l y  in te res t ing  feature  of t h i s  study i s  t h a t  the system so designed i s  capa
b le  of producing improved estimates of the astrodynamic constants.  Although 
obtaining such estimates i s  not a design objective f o r  the  lunar mission as con
ceived f o r  these s tudies ,  t h i s  could be an objective f o r  other space missions, 
and the r e s u l t s  give some preliminary ideas on what might be expected i n  such an 
appl icat ion.  

The second type of inaccuracy t o  be considered has t o  do with the model 
assumed f o r  observation e r r o r s .  In the  previous work, r e su l t s  were given only 
f o r  random observation e r ro r s  uncorrelated from one observation t o  the next .  The 
assumption of t h i s  dynamical character f o r  the  e r ro r  may not be va l id ,  and it i s  
of i n t e re s t  t o  invest igate  the  influence which such dynamical misrepresentation 
may have on system performance. In t h i s  report  correlated e r ro r s  a re  studied by 
assuming a combination of bias-type1 and random er rors ,  a model which i s  a r t i f i 
c i a l  but avoids the  problem of ident i fying spec i f ic  observation instrumentation. 

=Bias-type e r ro r s  a re  defined as e r ro r s  which remain constant (o r  change 
only according t o  deterministic l a w s )  over r e l a t ive ly  long periods of time. 

2 




In the  previous work the  basic  mathematical development f o r  t r ea t ing  any type 
additive observation e r r o r  w a s  given and only minor addi t ional  d e t a i l  is  required 
i n  t h i s  report  t o  i l l u s t r a t e  how the  system is  designed f o r  optimal compensation 
of t he  assumed bias-plus-random e r r o r .  

The case of bias-type e r ro r s  i s  used fu r the r  i n  the  report  t o  i l l u s t r a t e  
off-design analysis .  The s i tua t ion  assumed i s  one i n  which both b i a s  and random 
e r ro r s  a re  present but t he  proper compensation f o r  t he  b i a s  e r ro r  i s  not imple
mented i n  the  system. Two system design p o s s i b i l i t i e s  are considered: (1)a 
complete omission of b ias  compensation, and ( 2 )  a p a r t i a l  compensation of b i a s .  
A system so designed i s  not optimal, so t h a t  the  covariance matrix of estimation 
e r r o r  computed within the  system i s  not a t rue  measure of t he  performance, but 
ra ther  only an indication of t he  performance the  system "believes" it achieves. 
Additional equations are, therefore ,  necessary t o  give the  t rue ,  or off -design, 
performance . 
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submatrix of predict  ion matrix Q*( t e  ,t ) 


covariance matrix E%,T 


covariance matrix E S T  


astrodynamic constant uncertainty vector 


astrodynamic constant gradient matrix 


perturbation matrix 


acceleration of g rav i ty  at Earth 's  surf ace 


gravi ty  gradient matrix 


submatrix i n  M r e l a t ing  y t o  x 


ident i ty  matrix 


second harmonic of Earth oblateness 


we ight ing matrix 


matrix r e l a t ing  y t o  x* 


uncorrelated observation error  vector 


b ias  observation e r ro r  vector 


covariance matrix of estimation e r ro r  vector 
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indicated covariance matrix of estimation e r r o r  

difference P-P ' 
covariance matrix of n 

posi t ion deviation from reference 

e r ro r  i n  estimate of r 

pr edi cted end -po i n t  m i  ss 

posi t ion vector (subscr ipts  indicate or igin and end) 
-

magnitude of vector R 


Earth radius 


Moon radius 


covariance matrix of veloci ty  correction e r ro r  


general time agreements 


end -poi n t  time 


time of k th  observation 


input random vector 


covar iance matrix of u 


veloci ty  deviation from reference 


e r ro r  i n  estimate of v 


veloci ty  t o  be gained 


Acovariance matrix of estimate x 

t o t a l  midcourse ve loc i ty  correction 

covariance matrix of x* 

s i x  vector of posi t ion and veloci ty  deviations from a reference 
t r a j ec to ry  

augmented s t a t e  vector 

estimates of x,x* 
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A 4 e r ro r  i n  estimate, x-x, x*-x* 

space posi t ion coordinates 

observation vector 

decl inat ion of observed body 

r igh t  ascension of observed body 

half  -subtended angle of observed body 

increment 

grav i ta t iona l  constant 

standard deviation of subscript  random variable 

t r a n s i t i o n  matrix 

Nota t  ion Conventions 

( *  ),  (") f i r s t  and second time der ia t ives  of ( ) 

( IT transpose of matrix ( ) 

( I - =  inverse of matrix ( ) 

E (  1 expected value of ( ) 

Subscript s 

e end point 


E Earth 


k based on f i rs t  k observations 


M Moon 


s sun 


V vehicle 
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ANALYSIS 

Compensation f o r  Astrodynamic Constant Uncertainties 

Statement of t he  problem.- In  references 1and 2 it w a s  assumed impl ic i t ly  
tha t  t he  only errors i n  t he  circumlunar midcourse guidance problem were the  
e r ro r s  i n  in jec t ion  and i n  observations. Although these are probably the  major 
sources of e r ror ,  it i s  obvious t h a t  other e r ro r s  ex i s t  which may become impor
t a n t  when the  optimal estimation system does a good job i n  reducing the  uncer
t a i n t i e s  i n  the  knowledge of t he  t r a j ec to ry .  In  t h i s  section w e  w i l l  discuss 
one such addi t ional  e r ro r ,  namely, imperfect knowledge of the  astrodynamic con
s tan ts  which appear i n  the  equations of motion employed i n  the  optimal f i l t e r ,  
and show how t h i s  type of e r ro r  may be optimally compensated. 

In the  e a r l i e r  circumlunar navigation study four-body equations of motion 
were used; t h a t  is, the  grav i ta t iona l  a t t r ac t ions  between the vehicle,  Earth, 
Moon and Sun were taken in to  account. Also, t he  second harmonic of Earth 's  
oblateness w a s  used. The astrodynamic constants i n  these equations a re  then the  
grav i ta t iona l  constants of t he  three c e l e s t i a l  bodies, the  distances f rom Earth 
t o  Moon and Sun, t he  Earth oblateness t e r m ,  and t h e  radius of Earth, a t o t a l  of 
seven constants.  

E r r o r s  i n  knowledge of a l l  of these constants are  not expected t o  be of 
equal importance. For instance, the  radius of Earth appears only i n  conjunction 
with Earth oblateness which already has a s m a l l  e f f e c t .  Therefore, we begin by 
removing Earth radius from consideration. 

To evaluate the importance of t he  remaining s i x  constants, we take the  
p a r t i a l  der ivat ives  of the  equations of motion with respect t o  these constants.  
The f i r s t  equation (eq. ( A l )  i n  r e f .  1, wri t ten i n  s l i gh t ly  d i f fe ren t  notation) 
suf f ices  t o  i l l u s t r a t e  the  procedure : 
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Taking the  der ivat ives  and discarding small terms, we obtain : 

-(xSV + -)APs -
RSV3 RES3 

The coef f ic ien ts  of t h i s  equation give the  s e n s i t i v i t i e s  of t he  f i r s t  equation of 
motion t o  the  various astrodynamic constant e r r o r s .  

We must next e s t ab l i sh  the  s ize  of t he  various e r ro r s  t o  be assumed. Ln 
t h i s  study we have used values taken from reference 3 which seem as good as any 
avai lable ,  being nei ther  too  opt imist ic  nor too pessimist ic .  It should be noted, 
however, t h a t  t he  experts do not agree on these values, and furthermore, that  
with new experiments invest igators  a re  constantly seeking t o  obtain be t t e r  values 
f o r  the  constants.  

The magnitudes of the  e r r o r s  assumed i n  t h i s  study a re  shown i n  the  second 
column of t ab le  I .  Percentage values a re  given i n  the t h i r d  column. These 
values, when inser ted i n  equation ( 2 ) ,  give a measure of t he  e r r o r s  i n  the com
puted accelerat ion produced by the  astrodynamic constant uncer ta in t ies .  The 
accelerat ion e r ro r s  a re  proportional t o  the  coef f ic ien ts  i n  equation ( 2 ) ,  which 
are  functions of the veh ic l e ' s  pos i t ion .  By evaluating these coef f ic ien ts  at 
those points  i n  c is lunar  space where they take on t h e i r  maximum values, the max
imum computed accelerat ion e r r o r s  may be determined. These a re  shown i n  the last 
column of t ab le  I .  It i s  seen t h a t  APE, A ~ M ,A R m  contribute the  major errors,  
and the  study i s  therefore  r e s t r i c t e d  t o  these th ree .  

The e r r o r s  APE, APM, ARm, must be represented i n  s t a t i s t i c a l  terms for 
inclusion i n  the  problem. Specif ical ly ,  a covariance matrix of the  e r ro r s  i s  
required.  Since it i s  not known what s t a t i s t i c a l  parameter t he  f igures  i n  
t ab le  I a re  supposed t o  represent,  we assume a r b i t r a r i l y  t h a t  these a re  standard 
deviations.  This might be a pessimist ic  view since it i s  possible t h a t  the 
f values i n  t a b l e  I a re  ac tua l ly  extremes and therefore  should more reasonably 
correspond t o  2 or 30 values.  However, without more de ta i led  knowledge of the  
manner i n  which the  f igures  were computed, we w i l l  remain on the  conservative 
s ide.  
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Correlation between the  e r ro r s  is  assumed zero so t h a t  t he  covariance 
matrix elements are a l l  zero except on the  pr inc ipa l  diagonal. The j u s t i f i c a 
t i o n  f o r  t h i s  assumption i s  t h a t  the  three  constants have been determined by 
e s sen t i a l ly  independent experiments. The most accurate value of WE has been 
obtained from measurements of Earth 's  radius  and the  acceleration of gravi ty  on 
Earth s surf ace : 

The Moon's grav i ta t iona l  constant i s  computed from IJ-E and the  r a t i o  of 
Moon and Earth masses: 

where the  m a s s  r a t i o  has been computed from experiments e n t i r e l y  unrelated t o  
those used t o  compute pE. Since the  m a s s  r a t i o  i s  far l e s s  accurately known 
than i s  pE, most of the  e r ror  i n  pM i s  due t o  the  m a s s  r a t i o  e r ro r ,  and, f o r  
a l l  p rac t i ca l  purposes, A ~ Mi s  independent of &E. 

The best  f igures  available for REM, t he  Earth-Moon distance,  have been 
obtained by bouncing radio s i g n a l s o f f t h e  Moon. A knowledge of the  r a d i i  of 
Earth and Moon a re  required t o  compute REM from t h i s  data ,  which implies a cor
r e l a t ion  between APE and ARm.  However, the  uncertaint ies  i n  the  knowledge 
of these r a d i i  a r e  f a r  l e s s  than t h a t  i n  the  radar measurement i t s e l f .  Thus, 
AREM i s  an e s sen t i a l ly  independent random variable .  

The estimation equations.- To design an estimation system, we seek t o  
u t i l i z e  the  solut ion t o  the  estimation problem given in  references 1 and 4. This 
requires t h a t  t he  equations of the  s tochast ic  processes involved i n  estimation be 
represented i n  the  l inear  form for which the  optimal estimation solution has been 
obtained : 

?*(t)= F ( t ) x*( t )  + u * ( t )  ( 5 )  

Here, x* i s  the  "s ta te"  of the system, u* i s  a "white noise" vector-valued 
stochastic input process, and y i s  the  observation process, or output of the 
system. 

By examining equation ( 6 )  one can see t h a t  a l l  quant i t ies  which a f f ec t  the  
system output, y, must be represented in  the  s t a t e  vector, x*. Since observa
t ions  in  general  a re  functions of the  vehicle posit ion and t h e  observation errors,  
equations f o r  both of these processes are  required.  

Consider f i r s t  the  vehicle motion equations. For a system which optimally 
compensates for t he  astrodynamic constant uncertaint ies ,  the  astrodynamic con
stants must be regarded as var iables  i n  the  same m e r  as are  the  components of 

8 



vehicle posi t ion and velocity;  t h a t  is, t he  equations of motion a re  wri t ten as 
functions of X, Y, Z, pEy pMy and REM: 

? = f l (x ,  y, z, P E J  PMY REM) (7a) 

!These equations must be l inear ized f o r  representation in the  form ( 5 ) .  The 
procedure is  an expansion i n  Taylor s e r i e s  discarding a l l  but t he  f i r s t -o rde r  
terms. For instance, f o r  equation (7a) we obtain 

.. .. afla x +  S A Y  + L a zaf
X + A X = f , +  ax aY aZ 

where f l  and i t s  p a r t i a l s  a re  evaluated for a reference t r a j ec to ry  corresponding 
t o  the  nominal, or mean, values of X,  Y ,  Z, and the astrodynamic constants.  The 
quant i t ies  AX, . ..,ARM are  then random variables  with zero mean. Equation (8) 
can be rewrit ten 

If the  vector x i s  defined as 

and the  vector e as 
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it i s  seen t h a t  equations (7)  can be wr i t ten  i n  the  l inear ized form 

5 = [F. E] { :} 

where the  Fx matrix contains the  p a r t i a l s  of fl, fz, f 3  with respect t o  X, Y, 
and Z, and E t h e  p a r t i a l s  of f l ,  f2,  f 3  with respect t o  the  astrodynamic con
s t a n t s .  Thus, equation (12) i s  i n  the  required form. Note t h a t  there  i s  no 
input, u, i n  equation (12) because the  vehicle i s  assumed i n  a f r e e - f a l l  
condition. 

Considering now the  observation e r ro r  equations, we note t h a t  observations 
i n  general a re  of t he  fo rm 

where H i s  a matrix of p a r t i a l s  of those quant i t ies  being observed with respect 
t o  the  components of x ( i . e . ,  vehicle posi t ion and ve loc i ty) ,  and n ( t )  i s  the  
additive e r r o r .  It w i l l  be assumed here t h a t  the  e r ro r  n ( t )  can be represented 
by the  l inear  equations 

G ( t )  = Fw(t)w(t)  + u ( t )  (14) 

n ( t )  = r ( t )w( t )  (15) 

Here, w ( t )  i s  an assumed basic underlying e r ro r  process with white noise input 
u ( t )  and dynamics Fw( t ) ,  and r represents t he  manner in  which components of w 
are  combined t o  f o r m  n .  Thus, equation (13) can be wri t ten 

which i s  of the  fo rm ( 6 )  i f  w and x are  pa r t s  of t he  s t a t e  vector x*. By 
adjoining equation (14) t o  equation (12) we have an equation of the  form ( 5 ) .  
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The system state vector i s  now &fined as 

where x is  the  s i x  vector of posi t ion and veloci ty  deviations from nominal, 
e is  the  three vector of astrodynamic constant uncertaint ies ,  and w i s  the  
p vector of e r ro r  sources contributing t o  the  observation e r ro r .  The equations, 
or mathematical model, of t he  system can now be wri t ten i n  par t i t ioned f o r m  as 

[.) = O :][I) +Fw 

The square matrix on t h e  r igh t  in equation (18) i s  ident i f ied  as the  F matrix 
of equation (5), and the  matrix i n  equation (19)i s  the  M of equation ( 6 ) .  The 
middle submatrix i n  the second r o w  of F i s  n u l l  because there  a re  no dynamics 
associated with e ;  t h a t  is, d = 0, or e (%)  = e ( t0 ) .  The other n u l l  submatrices 
i n  F a re  due t o  the  assumption t h a t  t he  dynamics of x, e ,  and w a re  uncoupled. 
The n u l l  submatrix in (19) i s  n u l l  because the  observations do not depend 
d i r e c t l y  upon e .  

11 




The submatrices F, and E i n  ( 18) are  made up of p a r t i a l  der ivat ives  as 
described earlier: -

0 0 0 1 0  

0 0 0 0 1  

Fx = a f l  af, 0 0 0 

F 0 0 

0 0 

I o  0 0 

"he solution of equation (18) is :  

where a ( t , t o )  i s  the  " t ransi t ion" matrix of t he  system and i s  the  solution of 
t he  matrix d i f f e r e n t i a l  equation 

with i n i t i a l  conditions @(to,to)= I. 
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An optimal2 estimate of t he  vehic le ' s  posi t ion and ve loc i ty  for use in  
guiding the  vehicle can be obtained, as shown i n  references 1 (eq.  ( 9 ) )  and 4 
(eq.  (21))  by processing t h e  sequence of observations by m e a n s  of t he  linear 
e sth a t  ion equations : 

Awhere x* is  the  estimate of x*, t k  i s  the  time of the  k th  observation i n  
t he  sequence, M i s  a matrix of p a r t i a l s  of t he  observation var iables  with 
respect t o  the  s t a t e  variables,  and K i s  the  optimal weighting matrix. The 
subscripts k-1 and k on $?* are  used here t o  indicate t h a t  t he  estimate is  
based respectively,  on t h e  first k-1 and k of the  sequence of observations. 

The weighting matrix K for use i n  equation (25) is  computed from the  
following equations (equivalent t o  6, 10, 11 in r e f .  1, and eqs.  (281, (29) ,  (30) ,  
(32) of r e f .  4 )  

where Pk i s  the  covariance matrix of the  e r ro r  i n  estimate based on k obser
va t  ions : 

and U i s  the  covariance matrix of the  input, u: 

U = EUUT (32) 

- ~~ ~~ 

2Optimal estimate is  here defined as the  m i n i "  variance unbiased estimate.  
See reference 4.  



It i s  noted t h a t  t he  vector estimate obtained from the  above computations 
includes estimates of t he  observation e r ro r s  and of t h e  astrodynamic constant 
uncertaint ies .  In  the  guidance problem these a re  of no in t e re s t  in themselves 
but are required if the  other s t a t e  variables, vehicle posi t ion and veloci ty ,  are  
t o  be estimated optimally. 

If the  observation e r ro r s  are random ( i . e . ,  uncorrelated from one observa
t i o n  t o  the  next) ,  t he  estjmate of t h i s  portion of t h e  state vector i s  zero j u s t  
p r io r  t o  processing an observation, hence, of no use i n  estimating the  other 
s t a t e  var iables  and may be omitted, with a resu l tan t  s implif icat ion of t he  system 
as shown i n  the  appendix. This is  the  assumption which w i l l  be made here t o  
avoid unnecessary complexity. Under t h i s  assumption the  state vector may be 
redefined as 

With Q* a l so  sui tably redefined f o r  t he  reduced system, the  system 
equation becomes 

x*(t)  = Q*(t,to)x*(t,) (34) 

where there  is  now no input o r  forcing function. The estimation equations become 

where H i s  the  portion of M not re la ted  t o  observation e r r o r s .  The weighting 
matrix and variance equations a re  now 



where it i s  noted t h a t  t h e  e f f ec t  of the  forcing function u ( t )  does not appear 
i n  the  variance equation, (37), as it did before, but must appear as Q in 
equation (38) as shown. 

The H matrix i s  defined by t h e  re la t ion  

where n = r w  i s  the  additive observation e r r o r .  If we assume observations con
taining three components a, P ,  and y ,  t he  declination, r i gh t  ascension, and 
subtended angles of the  observed planet (as i n  r e f .  1), i l l u s t r a t e d  i n  f igure 1, 
the  H matrix is  a 3x9 as follows: 

The zeros i n  H mean t h a t  the  a,  P ,  7 do not depend on the  vehicle veloci ty  or 
upon PE and pM. Also, if the  observation i s  of t he  Earth, the angles do not 
depend upon REM. However, the  Moon angles %, PM, 7~ do depend on REM. 
Analytic expressions f o r  the  required p a r t i a l s  are  given i n  t ab le  11. 

For the  computation of equation (37) the  t r ans i t i on  matrix i s  required. 
This d i f f e r s  f rom the t r ans i t i on  matrix used i n  references 1and 2 by inclusion 
of the e f f ec t s  of the  astrodynamic constant uncertaint ies .  The development i s  
p a r a l l e l  t o  t h a t  giver_ in  reference 1. The l inearized system equation (34 ) ,  
wri t ten in  the d i f f e r e n t i a l  equation f o r m ,  i s  

X* = Fx* (42) 

which, par t i t ioned in to  posit ion,  veloci ty ,  and astrodynamic constant uncertainty 
portions,  i s  

0 1
Ir) = G O 

00 0 'I V (43) 

The n u l l  matrices i n  the  bottom r o w  mean tha t  e is  constant ( i . e . ,  6 = 0 ) .  The 
G matrix may be termed the  "gravity gradient" matrix, which consis ts  of t he  par
t i a l s  of t he  grav i ta t iona l  forces  act ing upon the  vehicle with respect t o  the  
vehicle posi t ion components. Similarly, t he  E matrix consis ts  of the  p a r t i a l s  



of the grav i ta t iona l  forces  with respect t o  the  astrodynamic constants. Analytic 
expressions f o r  these p a r t i a l s  are readi ly  computed f romthe  equations of motion. 

The t r ans i t i on  matrix can now be obtained as the  solution of the  matrix 
d i f f e r e n t i a l  equation 

where 

F =  G O E 

In i t ia l  conditions @*(tk-l,tk-$) = I are  introduced a t  time tk- l  and equa
t i o n  (44) i s  integrated u n t i l  tune t k  t o  obtain @*(tk,tk-l)  f o r  use i n  
equation (37) .3 

The guidance equation.- A s  i n  t he  case of t h e  estimation computation, t he  
guidance computations w i l l  be different  from those given in  reference 2 t o  
include the  e f fec ts  of the new s t a t e  var iables .  A s  before, we presume the  use of 
a fixed-time-of a r r i v a l  guidance l a w ,  i n  which the  estimated end-point m i s s  i s  
computed and then a veloci ty  correction computed t o  n u l l  t h i s  m i s s .  The end
point m i s s  estimate i s  given by 

where i n  par t i t ioned form @*(te , t )  may be wri t ten 

@*(te,t)= 

Each A i  submatrix i s  a (3x3). The upper l e f t  (6x6) i s  the  o r ig ina l  prediction 
matrix of reference 2, and the  added rows and columns r e su l t  f r o m  the  as t ro
dynamic constant uncertaint ies .  The A, i s  the  m t r i x  which r e l a t e s  posi t ion 
deviations a t  the  end t o  e r ro r s  i n  the astrodynamic constants, and A6 s imilar ly  
gives the  veloci ty  deviations.  The n u l l  matrices mean t h a t  the e vector i s  not 
affected by posit ion and veloci ty  deviations, and the  ident i ty  matrix means 
simply t h a t  e i s  constant.  

. - ~ 

3It may be noted t h a t ,  a l te rna t ive ly ,  equation (37) may be solved f o r  P by
integrat ing the  d i f f e r e n t i a l  equation 

$ = FP + PFT 

which does not require @*at  a l l .  However, i n  our application @*is  used as 
par t  of the  guidance l a w  and i ts  separate computation i s  expedient. 
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Now, i f  it i s  desired t o  n u l l  the  indicated end-point m i s s ,  given by 

we m u s t  add a ve loc i ty  increment VG such t h a t  

where A2v~  gives the  e f f e c t  on the  end-point posi t ion of a veloci ty  change VG 
at the  present time. From equations (47) and (48) we then have 

which i s  exactly the  same as given i n  reference 2 except f o r  the  addition of A, 
and e .  In  other words there  has been added t o  VG the  term -A2-' 5 ^e which is

6
t he  veloci ty  correction necessary t o  n u l l  t he  m i s s  implied by the  estimate e .  
O f  course, if the  estimated e r ro r s  i n  the  astrodynamic constants are qui te  small 
(as they usually would be) ,  t he  added term has negl igible  e f f ec t  on the  computa
t i o n s .  However, it i s  included here f o r  completeness. 

~~Guidance system performance s t a t i s t i c s .  - Assessment of the  s t a t i s t i c a l  
performance of a complete guidance system generally requires  the  computation of 
t he  covariance matrices of each of t he  three random variables  x, 2, and G. Each 
of these i s  i n  some sense a measure of t he  performance of the  system. The quan
t i t y  x i s  the deviation from nominal and thus at the  end point can be i n t e r -

Apreted as the  " m i s s "  experienced. The estimate, x, i s  used t o  compute midcourse 
maneuvers, hence, i s  a measure of t he  f u e l  used in  these maneuvers. The estima-

N

t i o n  e r ror ,  x, which e x i s t s  a t  completion of the  midcourse task i s  the  i n i t i a l  
uncertainty with which the  subsequent guidance mode ( e .g . ,  atmospheric en t ry  
guidance) must cope. 

u


Equations f o r  computing the  covariance matrix of x have already been given 
i n  the  development of t he  estimation system. We need t o  add t o  these the  equa
t ions  required t o  compute the  covariance matrices of x and 8 .  These w i l l  d i f f e r  
s l i gh t ly  from the  versions given i n  reference 2 t o  take in to  account the  e f f e c t s  
of the  uncertainty e .  

For periods between ve loc i ty  corrections,  the deviation covariance matrix i s  
obtained by computing 

W ( t )  = Ex*(t)x*T(t) 

= @*(t, to )W( to )@*T( t  ,to) ( 5 0 )  



(The covariance matrix of x i s  available as a submatrix in W . )  When a 
ve loc i ty  correction i s  made, a s t ep  change i n  W occurs. The required equation, 
derived using the  methods of reference 2 (appendix D ) ,  is  

wc = c(w - P)CT + P + s (51) 

where Wc i s  the  covariance matrix after t h e  correction, S is  the  covariance 
matrix of correction e r ror ,  and 

I 0 0 

C = [-A2-lA1 0 -AZ-'Ag 

0 0 I 

writ ten i n  par t i t ioned form. 

The covariance matrix of t he  estimate is  obtained ir, the following manner. 
Since the  estimate and e r r o r  i n  estimate a re  orthogonal ( i . e . ,  E D.-"= 0) for an 
optimal estimate (see r e f .  4),we have, from the  r e l a t ion  x = 9 + x, 

or  

Thus, with P and W as computed f romthe  previously developed equations, V i s  
obtained d i r ec t ly  by use of equation (54).  

Compensation f o r  Mixed B i a s  and Random 
Observation Errors 

Ln t h i s  section a more complex model w i l l  be assumed f o r  t he  observation 
e r ro r  than has heretofore been considered. The astrodynamic constant uncertain
t i e s  w i l l  be ignored - t h a t  is, assumed zero. 

Suppose t h a t  the observation e r ro r  consis ts  of two additive components, one 
random (uncorrelated from one observation t o  the  next) and the  other a bias; 
t h a t  is, the  equation for t he  observations i s  of the  form4 (compare eq. (13))  

_ _  . - - 

4Observations are considered t o  be three-component vectors as i n  reference 1, 
but the analysis  i s  e a s i l y  extended t o  any other s i tua t ion  desired.  



where 

nl a random e r ro r  with covariance matrix Q1 

n2 a b ia s  e r ro r  with covariance matrix Q2 

H a matrix of p a r t i a l  der iva t ives  of observables with respect t o  s t a t e  
var iable  s 

The d i f f e r e n t i a l  equations of t he  nl and n2 processes are assumed t o  be given by 

The solut ions of equations (56) and (57) a re :  

r t  

The assumption t h a t  nl i s  uncorrelated from one observation t o  the  next implies 
t h a t  the  observations are  su f f i c i en t ly  far apart  t h a t  @.l( tk+l , tk)i s  for a l l  
p rac t i ca l  purposes zero, where t k + l  and t k  are  the  times of the kt-1 and kth 
obsemat ions, respect ively . 

The s t a t e  vector for the  system as here defined i s  seen t o  be 

x* = 



and the  system equation in  par t i t ioned form i s  

+ 

where 

The equations f o r  optimal estimation a re  the  same as i n  the  problem t rea ted  
i n  the  previous section (eqs . (24) through (29) ), except t h a t  here we use a d i f  
fe ren t  state vector and sui tably redefined I(, P, M, and Qi matrices.  These 

11equations could be used "as i s .  However, the  assumption t h a t  n l  is  uncor
re la ted  between observations permits t he  same type of computation contraction 
described in  the  previous section - t h a t  is, the  estimation of n l  can be omit ted.  
The d e t a i l s  of t h i s  contraction are given i n  the  appendix. 

In  addition, it i s  shown i n  the  apFendix how the  estimation equations appear 
i n  par t i t ioned form . In t h i s  form the  addi t ional  computations required because 
of the  more complex (bias plus random) e r ro r  model a re  c l ea r ly  i l l u s t r a t e d .  How
ever, it should be noted t h a t  implementing the  computations i n  the  par t  itioned 
form, where a l l  matrix operations a re  of order 6x6 or l e s s ,  i s  not necessarily 
simpler than using the  9x9 format. 

B i a s  Error Off-Design Performance Analysis 

No compensation f o r  bias.- Here we are  concerned with off-design performance 
analysis .  The s i tua t ion  selected f o r  i l l u s t r a t i o n  i n  t h i s  section i s  one i n  
which mixed random and bias e r ro r  e x i s t s  but t he  bias e r ro r  i s  not accounted f o r  
i n  any way i n  the  estimation procedure. The problem i s  t o  determine what 
performance degradation w i l l  r e s u l t .  
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In  t h i s  case it i s  assumed t h a t ,  so far  as the  estimation system knows, only 
the  uncorrelated observation e r ro r  exists.  The estimation equations are then 
those which are optimal f o r  t h i s  type of s i t ua t ion  - t h a t  is, only the  estimate 
of vehicle posi t ion and ve loc i ty  is formed, and the  computed P matrix repre
sents  what t he  system "believes" t o  be the  s t a t i s t i c s  of t h e  e r ro r  i n  estimating 
posi t ion and ve loc i ty .  The equations used f o r  processing an observation are 
those which are optimal f o r  an assumed purely random e r r o r  model (see r e f .  1, 
eqs . (12) through (14) )  : 

and f o r  updating the  estimate between observations, 

A prime i s  used here on P t o  dis t inguish between the  indicated e r ro r  covariance 
matrix, P ' ,  and the  t r u e  P. 

In order t o  obtain second-order s t a t i s t i c s  of system performance we require,  
as before, equations f o r  computing the  covariance matrices 

E;;x"r = P 

Ê&T = v 

ExxT = W 

The computational equations f o r  W w i l l  be the  same as those given i n  the  sec
t i o n  on astrodynamic constant uncertaint ies ,  but the  equations f o r  P and V w i l l  
d i f f e r  because here the  system i s  nonoptimal. For instance, we note t h a t  P i s  
the  t rue  covariance matrix of estimation e r ro r  as opposed t o  what the  system
11believes" i s  i t s  performance - t h a t  is ,  P as computed from equations (65) and 
(67) * 

The development of equations f o r  P and V divides na tura l ly  in to  considera
t i o n  of (1)the  computation of t h e  matrices at  the  times when observations o r  
ve loc i ty  corrections are made and (2)  the  computations which occur i n  in te rva ls  
between these points .  

21 




W e  begin first with the  s tep  changes, and consider what computations a re  
necessary at  the  observation times. Using the  estimation equation (63) and the  
r e l a t ions  

A N

x k = x - x k  

we obtain an expression f o r  t h e  propagation of estimation e r ro r  when an observa
t i o n  i s  processed: 

The argument the  time of t he  observation, i s  omitted f r o m t h i s  and the  f o l 
lowing equations because it i s  the  same f o r  a l l  quan t i t i e s .  

A recursion equation f o r  computing P i s  developed d i r e c t l y  from equa
t i o n  (70) .  

flow n l  is  an observation e r ro r  uncorrelated w i t h  previous values of nl and 
therefore  uncorrelated with 2k-l .  Also, n l  and n.2 are assumed uncorrelated 
with each o ther .  Thus, taking the  expected value of equation (71),we obtain: 

-	 ( I  - KH)%-lKT - DT (I - KH)Tk- 1 

where %-1 i s  defined as the  covariance matrix 

Note t h a t  % gives the  correlat ion s t a t i s t i c s  of t he  e r ro r  i n  estimate,
N 

Xk-1,  and the  b ias  e r ror ,  n2. Obviously, a recursion equation f o r  % i s  a l s o  
required, which i s  obtained by multiplying equation (70) by n2T and taking the  
expected value : 
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It i s  readi ly  seen t h a t  if is computed before Pk,’ a somewhat simpler 
expression f o r  pk can be u t i l i zed ;  combining equations (74) and (72),  we obtain 

Since we are interested i n  the  difference between the  t r u e  and indicated P 
matrices, it is ins t ruc t ive  t o  produce another recursion equation f o r  t he  compu
t a t i o n  of t h i s  difference matrix, which we might c a l l  6P = P - P ’ .  Using 
equations ( 7 5 ) ,  (64) ,  and ( 6 5 ) ,  we f ind  qui te  e a s i l y t h a t  

The equation f o r  computing V = E G T  at  the  time of an observation i s  
A Ndeveloped as follows. Since x = x + x, we can write 

Using the  l e t t e r  designation 

we then can write 

The pk and W i n  t h i s  expression a re  	obtained from computations of equations
For an optima.1 unbiased estimate a:given previously f o r  these matrices.  


obtained with the  system of the  previous section, D 
 i s  zero - t h a t  i s ,  xk and %k 
are  uncorrelated.  However, i n  t he  present case t h i s  i s  not so,  and we must have 
a recursion formula for computing D .  Using equations ( 6 3 ) ,  (TO),  and (74),  it 
i s  seen t h a t  

Other formulas a re  possible, depending upon what i s  computed f i r s t .  For instance, 

Dk = (I - m)(Dk- l  f 6pk,l) - 6pk (81) 

which i s  usefu l  i f  6P i s  being computed (by means of eq.  (76 ) ) .  



Now consider the  second part of t he  development, which has t o  do with the  
changes i n  P and V t h a t  occur in in te rva ls  between observations. The time-
t r ans i t i on  equations t o  be used f o r  updating between observations are e a s i l y  
derived by noting t h a t  t he  estimation e r ro r  propagates i n  t h e  same way as does 
t h e  estimate (eq.  (66)) :  

Also, n2 i s  constant. Thus, we have 

With these equations t o  obtain P and D, and equation ( 5 0 )  and (51) f o r  W, vk 
i s  obtained by use of equation (79).  

Taken altogether,  t he  foregoing equations give the  e f f ec t  of processing an 
observation and of t r ans i t i on  between observations, and thus are suf f ic ien t  f o r  
t he  complete determination of t he  s t a t i s t i c s  of system performance. I n i t i a l  
conditions f o r  t he  various matrices are  required, of course. If the  problem 
begins a t  h j e c t i o n  in to  the  translunar t ra jec tory ,  then P ( to )  may be the  covar
iance matrix of inject ion e r ro r s .  B(to) w i l l  be zero because theThe matrix 
in i t ia l  estimate i s  by assumption not dependent upon the  b ias  e r ror ,  n2. The 
D ( t 0 )  matrix w i l l  be zero i f  t he  i n i t i a l  estimate i s  optimal; otherwise, some 
other value must be used. 

P a r t i a l  compensation o f -b i a s . - I n  t h i s  section we w i l l  consider a design 
compromise in  which the bias e r ro r  is  compensated but not i n  the  optimal fashion 
described e a r l i e r .  This might be cal led a p a r t i a l  compensation. The idea t o  be 
developed here is  (1)t o  use the  simple no-bias estimation equation 

where no estimate of the  bias i s  formed f o r  estimating x ( c f .  eq.  ( 2 5 ) ) ,  and 
( 2 )  t o  f ind  the  K which i s  optimum fer the  use of t h i s  equation. The estimate 



formed i n  t h i s  way is  optimum i n  a sense but is  not unbiased. Thus, t he  r m s  
estimation e r ro r  should be la rger  than t h a t  of t he  unbiased estimate.  

To f ind  the  optimum K we may use a variat.iona1 technique, proceeding as 
follows. The recursion r e l a t ions  for the  estimation e r ro r  covariance matrix are 
given by equations (72) and ( 8 3 ) ,  repeated here for convenience: 

Following the  common procedure, K i s  chosen t o  minimize the  expected squared 
e r ro r  i n  estimating some l inea r  function of x. (For instance, it may be desired 
t o  minimize the  mean-square e r ro r  i n  the  estimate of the  end-point m i s s . )  If 
z = ax is  the  c r i t e r i o n  vector whose mean-square estimation e r ro r  i s  t o  be 
minimized, we observe t h a t  since after k observations 

we wish t o  minimize the  funct ional  

Substi tuting in to  (89) from equation (72),we then l e t  K = + qK1,  where 
Kopt is  the  optimum weighting function, K1 i s  an a rb i t r a ry  matrix of the  proper 
dimensions, and q i s  a sca la r  Lagrangian mul t ip l ie r .  Then, d i f f e ren t i a t ing  
with respect t o  q, l e t t i n g  q go t o  zero, and se t t i ng  the  resu l t ing  expression 
equal t o  zero, we obtain:  



Since s2 i s  not zero and G1i s  a rb i t r a ry ,  t h i s  expression can be zero only 
when 

+ �&-l)(HP~-l~+ Qi+ Q2 + I.IBk-l + Bz-l HT) (91 )  

Using the value of K given by (91)in equation (72), we obtain as the  
recursion equation for computing the  change i n  P when an observation i s  
processed: 

Equations (91) and (92) are seen t o  be qui te  analogous t o  the  no-bias 
optimal equations, t he  difference being t h a t  t he  covariance matrix B must now 
be computed. Equations (74) and ( 8 5 )  given i n  the  previous section serve t h i s  
purpose. 

It w i l l  be noted now t h a t  a system designed in  the  m e r  described here i s  
not r e a l l y  much simpler than the  t r u e  optimal system because of the  necessity of 
computing B.  This is  seen when equation (91) i s  compared w i t h  equation (A.24) 
and observing t h a t  Bk-l i s  defined ident ica l ly  with the  pxn2 of equation (~24),
and Pn is  equal t o  Q2 if t he  estimate of n2 i s  always taken t o  be zero. Thus, 
w i t h  t hg  computation of B implemented, a l l  t he  information necessary t o  form a 
t r u l y  optimal estimate i s  available and requires  only a few ext ra  matrix multi
p l ica t ions  and some addi t ional  computer storage.  For t h i s  reason, t h i s  type of 
restricted-optimal system is  considered t o  be of l i t t l e  more than academic 
in t e re s t  and i t s  study w i l l  not be pursued fu r the r .  

RESULTS 

Compensation f o r  Astrodynamic Constant Uncertainties 

A d i g i t a l  computer program w a s  wri t ten t o  simulate the  guidance system 
design described i n  the  Analysis section f o r  optimal compensation of the  as t ro
dynamic constant uncertaint ies ,  ApE, APM, and &REM. Results obtained using 
t h i s  program are  reported i n  t h i s  section. 

The s i tua t ion  simulated w a s  the  same as t h a t  employed i n  references 1and 2 
and may be described as follows. It i s  assumed t h a t  a space vehicle is  injected 
onto a circumlunar t ra jec tory ,  the  r m s  in jec t ion  e r ro r s  being one kilometer i n  
posi t ion and one meter per second i n  veloci ty  along each of the  three axes of an 
earth-centered nonrotating coordinate system. The t r a j ec to ry  passes a t  a d i s 
tance of 4766 km above the  lunar surface a f t e r  about 3-1/4days of f l i g h t  and 
returns  t o  a reentry corridor a f t e r  6-1/2days. 
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Observations made during the  f l i g h t  are assumed t o  consis t  of t he  simultane
ous measurement of three angles, t he  declination ( a ) ,  t he  r igh t  ascension ( P ) ,  
and t h e  half-subtended angle ( 7 )  of e i the r  t he  Earth or t h e  Moon as seen from the  
vehicle .  The geometry i s  i l l u s t r a t e d  i n  f igure  1f o r  Earth observations. No 
attempt i s  made t o  describe an instrumentation system which could make such mea
surements, the  assumption being simply t h a t  the  system i s  subject t o  random 
gaussian e r ro r s  added independently t o  each of t he  three  angle measurements. The 
standard deviation of the  e r ro r s  i s  assumed t o  be given by the  formula 

on = 4100 + (0.0017)2 sec a rc  (93) 

where 7 is  the  half-subtended angle of the  body being observed, expressed i n  
seconds of a r c .  

Three d i f fe ren t  schedules of observations and ve loc i ty  corrections w e r e  
employed. The f i rs t  is  the  schedule described i n  reference 2 which consis ts  of 
426 observations on the  outgoing leg of the  t r i p ,  and three  veloci ty  correct ions.  
The measurements a l t e rna te ,  i n  groups, between observations of the  Earth and the  
Moon. Only the f i rs t  half  ( i.e . ,  the  outbound port ion)  of t h i s  schedule w a s  used 
here .  

The other two schedules employed are  a "short" schedule having only 80 
observations during the  e n t i r e  6-1/2-day f l i g h t ,  and a "long" schedule with a 
t o t a l  of 400 observations. Five veloci ty  corrections a re  assumed. These sched
u les  a re  shown in  f igures  2 and 3, which a re  p lo t s  of t he  nominal t r a j ec to ry  with 
the  times and type of observations indicated.  The times of the  f i v e  veloci ty  
corrections a re  shown as c i r c l e s  on the  t r a j ec to ry .  These schedules a re  the  
r e s u l t  of a scheduling quasi-optimization, t he  discussion of which is  beyond the  
scope of t h i s  repor t .  

It should be noted tha t  observations on the  shor t  schedule are  always spaced 
a t  l ea s t  30 minutes apar t ,  whereas on the  long schedule observations are  6 min
u tes  apar t  during each observation period. There a re  several  f a i r l y  long periods 
of time i n  each schedule during which no observations a re  made. 

For assessment of t he  performance of the  over-al l  vehicle control  system, it 
w a s  necessary t o  simulate random e r ro r s  i n  the  implementation of the  veloci ty  
correct ions.  These were assumed t o  be represented by a 0 . 5 O  r m s  pointing e r ro r  
f o r  the  rocket engine and 0 .1  m/sec r m s  e r ror  i n  the  magnitude of the  correct ion.  
It w a s  assumed t h a t  t he  corrections were monitored with an accuracy of 0.01 m/sec 
i n  each of three orthogonal i n e r t i a l  coordinate d i r e c t  ions.  

The astrodynamic constant uncertaint ies  APE, APM, and AREM were assumed 
normally d is t r ibu ted  and independent, with zero means and standard deviations as 
given i n  t ab le  I. 

M i s s  a t  the  Moon with no guidaace.- From a run of t he  computer program in 
which no observations or veloc i ty  corrections a re  made, the  t r ans i t i on  matrix 
from in jec t ion  t o  perilune passage, @*(tm,to),is obtained. The elements of t h i s  
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matrix are  the  s e n s i t i v i t y  coef f ic ien ts  which give t h e  m i s s  at  the  Moon f o r  un i t  
i n i t i a l  e r ro r s  in the  posi t ion and ve loc i ty  components and the  astrodynamic con
s tan ts .  Using t h i s  matrix and assuming t h a t  t h e  r m s  values of t h e  astrodynamic 
constant e r ro r s  are the  values given i n  t a b l e  I, we can compute t h a t  t h e  rms m i s s  
a t  t he  Moon due t o  these e r ro r s  is  about 202 km i n  posi t ion and 13.6 m/sec i n  
veloci ty .  By far the  grea tes t  portion of these e r ro r s  i s  due t o  APE. 

For comparison, it might be noted t h a t  t h e  m i s s  due t o  the  inject ion e r r o r s  
assumed (1km and 1m/sec i n  each d i rec t ion)  is 2660 km and 161 m/sec rms. Most 
of t h i s  m i s s  is due t o  the  inject ion ve loc i ty  e r r o r .  

Effect of t he  uncer ta in t ies  on- performance, with guidance. - The e f f ec t  of 
t he  astrodynamic constant errors on system performance w a s  measured by comparing 
computer runs made with and without t he  assumption of e r ro r s  i n  the  constants. 
Some of the  r e s u l t s  of these runs a re  shown in t ab le s  I11 and IV which give r m s  
performance at perilune and at  perigee, respectively.  

The f i r s t  f i v e  l i n e s  of t ab le  I11 show perilune performance with the  426
observation schedule of reference 2 f o r  conditions of no errors ,  pE e r ro r  only, 
pM er ror  only, Rm e r ro r  only, and a l l  three  e r rors ,  so t h a t  the  individual 
e f f ec t s  of the  separate e r ro r s  can be ascertained. The runs made with the  other 
schedules were a l l  e i t h e r  with or without a l l  th ree  e r ro r s .  

The data  i n  t ab le s  III a d  IV can be summarized as follows: 

( a )  A t  perilune the  uncertaint ies ,  r" and v", are increased roughly 2-1/2 
times by the  astrodynamic constant e r ro r s  when t h e  reference 2 and long schedules 
a re  used. The percentage degradation f o r  t he  short  schedule with only 45 obser
vations i s  a b i t  l e s s  primarily because the  r" and v" a r e  already larger  on 
account of t he  fewer observations. However, t h e  t o t a l  degradation i s  greater  f o r  
fewer observations because the  astrodynamic constants a re  estimated more poorly. 
It i s  seen t h a t  r" is  mostly affected by the  Rm error ,  and v" by the  p~ 
e r ro r .  

(b )  The m i s s  quant i t ies  rp and r at  perilune a re  roughly doubled by the  
astrodynamic constant e r rors ,  but v i s  increased only 27 percent. The REM 
and PM e r ro r s  produce most of the  rp variat ion,  and the  p~ e r ro r  produces 
most of the  r and v increase.  

( c )  A t  perigee the  degradation i n  performance i s  quite small, t yp ica l ly  
about 7 percent, except t h a t  perigee var ia t ion  i s  almost e n t i r e l y  unaffected. 
Thus, what var ia t ion  occurs i s  pr incipal ly  i n  time of a r r i v a l .  The s m a l l  loss i n  
performance compared t o  performance at perilune i s  probably due t o  the  f a c t  t h a t  
performance i s  already qui te  a b i t  poorer a t  perigee than a t  perilune even 
without the  astrodynamic constant e r rors .  

(d)  The t o t a l  applied AV i s  v i r t u a l l y  unaffected on the  outbound leg,  
what l i t t l e  increase there  i s  being mostly due t o  APE.  On the  re turn  leg  there  
i s  an increase of about 20 percent which is  due primarily t o  the  increased v at 
perilune.  
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Estimation of the  astrodynamic constants.  - An in te res t ing  by-product of the  
study described here is  the  improvement i n  knowledge of the  astrodynamic con
s t an t s  as a r e s u l t  of incorporating them i n  the  estimation process. The standard 
deviations of t he  e r ro r s  i n  knowledge of VE, pM, and REM are obtained d i r e c t l y  
from the  P matrix. These are tabulated i n  t ab le  V.  It is  seen t h a t  only p ~ ,  
the  most poorly known of t he  three  constants percentagewise, i s  refined s i g n i f i 
cant ly .  An improvement of about 5 or 6 t o  1 i s  obtained even with r e l a t ive ly  few 
observations (80 t o  400) made using t h e  short  and long schedules during the  c i r 
cumlunar f l i g h t ,  whereas VE and REM can muster only 15 and 8 percent 
improvement, respect ively.  

Table V a l so  shows t h a t  if only one constant i s  being estimated and the  
others are assumed known perfect ly ,  then the  indicated standard deviation of the  
e r ro r  i n  estimate is  smaller than when a l l  three constants a r e  assumed i n  e r ro r .  
This i l l u s t r a t e s  an important point;  namely, t h a t  i f  i n  an e r ro r  analysis  some of 
the e r ro r  sources a re  unaccounted f o r ,  the  f i n a l  estimate of the  e r ro r  s t a t i s t i c s  
w i l l  always be optimistic ( i . e . ,  too s m a l l ) .  Thus, it i s  wel l  i n  cases where one 
i s  not sure a l l  the  e r ro r s  have been adequately described t o  take a pessimistic 
view of t he  r e s u l t s  obtained from the  study. 

Compensation f o r  Mixed B i a s  and Random Observation E r r o r s  

The s i tua t ion  simulated f o r  t h i s  study i s  the  same as t h a t  employed in  
reference 1. The mission and in jec t ion  conditions a re  the  same as described i n  
the previous section, but only the  f i r s t  few hours of f l i g h t  a r e  considered. The 
observation schedule consis ts  of a sequence of observations of the  Earth,  s t a r t 
ing one-half hour after inject ion,  spaced 6 minutes apar t  f o r  2 hours. The s i tu
a t ion  i s  i l l u s t r a t e d  i n  f igure 4. The uncorrelated observation e r ro r s  assumed i n  
the study have a standard deviation of 20 sec a rc ,  independent of range, f o r  each 
of the three measured angles.  The b i a s  e r ro r  assumed has a standard deviation of 
5 sec a r c .  

A d i g i t a l  computer program w a s  wr i t ten  t o  implement the  equations f o r  e s t i 
mating b i a s  e r ro r  developed i n  the Analysis section of t h i s  paper. Runs were 
then made simulating the  s i t ua t ion  described here, with b i a s  on only one of the  
three angles a t  a time, f o r  the  purpose of identifying the  e f f e c t s  of the  
locat ion of the b i a s  e r r o r .  

Figure 5 shows the  time h is tory  of the  r m s  e r ro r s  i n  estimating the  vehicle 's  
posi t ion and veloci ty ,  with and without an assumed b ia s  on the  half-subtended 
angle, 7. The difference between the  two cases i s  seen t o  have increased t o  
about 10 percent a t  the  end of the  observation period. Similar runs made w i t h  
b i a s  on the  decl inat ion angle, a, and the  r igh t  ascension angle, j3, showed a 
nearly negl igible  e f f ec t  (no more than 1percent) due t o  bias ,  and these r e s u l t s  
are  not shown. 

In f igure  6 a re  shown the  time h i s t o r i e s  of t he  r m s  e r ro r s  i n  estimating the  
biases  f o r  each of the  three s i tua t ions .  It is  seen that  the  estimates of a 
and P b ias  are improved scarcely a t  a l l  by the  20 observations, whereas the  



estimate of 7 bias i s  improved about 2'3 percent. The conclusion drawn from 
these r e s u l t s  i s  t h a t  t he  observations assumed contain some information regarding 
7 b ias  but p rac t i ca l ly  none regarding a and P bias .  

Besides computing the  s t a t i s t i c a l  r e s u l t s  given above, t h e  computer program 
simulates an ac tua l  f l i g h t ,  with randomly selected in j ec t ion  e r ro r s  and observa
t i o n  e r ro r s .  The in jec t ion  e r ro r s  assumed f o r  a l l  the  runs described here are: 

x1 = 0.495 km \ 

x2 = -0.886 km Iposi t ion components 

xg = -1.001km 1 
x4 = 0.281 m/sec 

x5 = 1.999 m/sec I veloc i ty  components 

x6 = 0.194 m/sec I 
The random observation e r ro r s  assumed are  shown in  f igure  7. Time h i s to r i e s  of 
the  e r ro r s  i n  estimating the  posi t ion e r ro r  r and the ve loc i ty  e r ro r  v are 
shown i n  f igure  8 f o r  three s i tua t ions :  (1)bias of 5 see arc  on but estima
t i o n  of the  b i a s  not implemented, (2 )  b ias  of 5 see arc  on 7 with estimation, 
,and (3) no b i a s  and no estimation thereof .  It i s  seen t h a t  s i t ua t ion  (1)gives 
the  poorest r e s u l t s ,  as expected. Situation ( 3 )  of course gives the  best  resul ts ,  
and s i tua t ion  ( 2 )  generally l i e s  between (1)and (3) ,  being near (1) i n  the  ea r ly  
par t  of the  observation sequence, and tending t o  approach ( 3 )  a t  the  end of the  
sequence as the  estimate of Y bias i s  improved. Similar runs using a and p 
bias showed t h a t  t he  e f f ec t  of these biases  i s  negl igible .  

The corresponding time h is tory  of the  Y bias estimate i s  shown i n  f igure 9. 
Also shown are  the time h i s to r i e s  of a and p b ias  estimate f o r  ident ica l  runs 
i n  which a o r  p b ias  w a s  assumed instead of Y bias. The a and p bias 
estimates a re  seen t o  be e s sen t i a l ly  zero, r e f l ec t ing  again the  f a c t  t h a t  the  
assumed sequence of observations contains l i t t l e  informat ion about these random 
variables .  The estimate on the  other hand shows subs tan t ia l  f luctuat ions.  
In  the ea r ly  pa r t  of t he  observation sequence the  estimate i s  seen t o  be negative 
even though the ac tua l  bias i s  pos i t ive .  This behavior i s  readi ly  traced t o  the  
nature of the  par t icu lar  inject ion e r ro r s  employed i n  t h i s  study. These e r rors  
cause the  vehic le ' s  distance f rom the  Earth t o  be greater  than nominal f o r  a l l  of 
the observation period. For instance, a t  the  time of the  fourth observation, 48 
minutes a f t e r  inject ion,  the  range i s  8 km greater  than the  nominal 19,825, so 
t h a t  the half-subtended angle Y i s  30 sec a rc  smaller than the nominal. So far  
as the  instruments a re  concerned, it makes no difference whether t h i s  deviation 
of 30 see a rc  i s  due t o  inject ion e r rors ,  bias, o r  random measurement e r ro r .  The 
data-processing system of course apportions the  difference among the  various 
sources according t o  i t s  knowledge of the  s t a t i s t i c s  of t he  various e r ro r s .  
Since the ac tua l  deviation i s  negative, the  system tends t o  estimate t h a t  a l l  the 



e r ro r  sources are producing negative e r ro r  even though i n  t h i s  ea r ly  pa r t  of t he  
f l i g h t  both the  b ias  and random e r ro r s  (see f i g .  7) are ac tua l ly  posi t ive.  Later, 
as more da ta  is  accumulated, t he  system can more accurately apportion the  e r rors ,  
and the  7 b ias  estimate becomes pos i t ive .  

It might be noted t h a t  t he  b i a s  e r ro r  i s  never known very w e l l  ( see  f i g .  6)
during the  simulated observation period, so the  ra ther  good estimate l a t e  i n  the  
observation period must be regarded as somewhat for tu i tous .  This behavior can be 
explained by the  character of t he  par t icu lar  sample of random Y e r ro r  used i n  
the  run, which happens t o  be subs tan t ia l ly  biased (see f i g .  7 ) ;  t he  mean value of 
the  random e r ro r  f o r  the  first 14 observations i s  8.5 sec a rc .  This is not t o  
say t h a t  the par t icu lar  sample employed i s  highly extraordinary - it is no more 
unlikely f o r  instance than a run of heads i n  tossing a coin. Nevertheless, t he  
biased sample does have a typ ica l  e f f ec t  on the  estimation process. In  the  first 
place, it tends t o  be interpreted by the  system as a b ia s  e r ro r  and r e s u l t s  i n  a 
b i a s  estimate larger  than would normally be expected, as already noted. In  the  
second place, it can a l so  appear t o  the system t o  be the  r e s u l t  of inject ion 
e r ro r s  since these produce a bias-type deviation from nominal. The e r ro r s  i n  
estimating vehicle posi t ion and veloci ty  thus tend t o  be larger  than normal when 
such a sequence occurs. This e f f ec t  shows quite c l ea r ly  i n  f igure  8, where it i s  
seen t h a t  f o r  the f i r s t  e ight  observations the  estimates with b i a s  estimation a re  
ac tua l ly  poorer than the estimates obtained with b i a s  estimation omitted. 

Bias Error Off-Design System Performance 

For t he  study of off-design performance the s i t ua t ion  simulated w a s  t h a t  of 
the  complete circumlunar mission described e a r l i e r .  Three-angle observations 
(u, P, and 7’) were assumed as before ,  corrupted by random e r ro r s  ( i . e . ,  uncorre
l a t ed  f r o m  one observation t o  the  next) and a l so  b i a s  e r r o r s .  The t ra jec tory  
estimation system employed w a s  optimal f o r  the  uncorrelated e r ro r s  only - that  i s ,  
it w a s  assumed tha t  the presence of the b i a s  e r ror  was unrecognized. 

To obtain numerical r e s u l t s ,  the  equations fo r  off-design performance given 
i n  the  Analysis section were implemented i n  a d i g i t a l  computer program. Runs 
were made with the short and long schedules shown i n  f igu res  2 and 3, with uncor
r e l a t ed  observation e r ror  having a range-dependent standard deviation as given by 
equation ( 8 0 ) .  

B i a s  e r ro r  w a s  assumed t o  have an r m s  value of f i rs t  5 sec a rc  and then i n  
l a t e r  runs 10 sec a rc .  This e r r o r  w a s  applied i n  some cases t o  a11 three angles 
and i n  other cases separately t o  each of the  angles a, P,  and Y t o  ascer ta in  
the  e f f ec t  of location of the  e r r o r .  To avoid excessive complexity, it w a s  
assumed tha t  t he  same bias exists on a par t icu lar  angle measurement ( e - g . ,  a) 
whether t h i s  angle i s  associated with a Moon or an Earth observation. This i s  
probably not a par t icu lar ly  r e a l i s t i c  model f o r  bias e r ro r ,  but it should suf f ice  
t o  give some general r e s u l t s  regarding the  e f f ec t s  of b i a s .  



The gross  e f f e c t  of b i a s  on the  estimation system i s  shown i n  f igure  10, 
which shows the  time h i s t o r i e s  of the  r m s  errors i n  predict ing the  end-point m i s s  
f o r  s i t ua t ions  of no bias ,  5 sec a r c  bias ,  and 10 sec a r c  b i a s  on a l l  three 
angles. The short  observation schedule (80 observations) w a s  used f o r  these runs.  
For the  f i rs t  p a r t  of t he  f l i g h t ,  the  end point  i s  defined as the time of nominal 
perilune - t h a t  i s ,  t he  f igure  shows the  r m s  e r ro r  i n  predict ing the  vehic le ' s  
pos i t ion  a t  the  time of nominal per i lune.  For t h e  last  part of the  f l i g h t  the  
end-point i s  the  time of nominal v i r t u a l  perigee.  The data shown i s  correct  only 
a t  the  times of t he  observations; the  l i n e s  connecting these data points  a r e  used 
only f o r  c l a r i t y .  

It i s  seen that the  b i a s  has a subs tan t ia l  e f f e c t  on system performance, an 
e f f e c t  which increases rapidly as the  b i a s  increases .  The e f f ec t  i s  d i s t i n c t l y  
d i f fe ren t  i n  d i f f e ren t  portions of the f l i g h t .  It i s  of par t icu lar  i n t e r e s t  t o  
note t h a t  with b i a s  present the r m s  predict ion e r ro r  ac tua l ly  increases when some 
observations a r e  made, whereas if an optimal data  processing system were employed 
t h i s  quantity would always decrease. The physical  in te rpre ta t ion  of t h i s  phenom
enon i s  t h a t  t oo  much weight i s  being given t o  the  observations because the  sys
tem bel ieves  the  observations t o  be more accurate than they r e a l l y  a re .  I n  some 
instances the  e r ro r  introduced i n  t h i s  manner i s ,  s t a t i s t i c a l l y  speaking, grea te r  
than the  reduction i n  e r ro r  obtained by u t i l i z i n g  the  information i n  the  observa
t ion ,  and the  r m s  predict ion e r ror  experiences a net increase.  Apparently, it 
would be b e t t e r  not t o  use such observations a t  a l l ,  but under the  assumed c i r 
cumstances the  system has no knowledge t h a t  the  b i a s  e r ro r s  e x i s t  and therefore  
has no bas i s  upon which t o  make a decision as t o  the  appropriateness of t he  
par t icu lar  observations. 

%om i n  f igures  11, 12, and 13 are  the e f f e c t s  of b i a s  on only one angle a t  
a time, the  b i a s  l e v e l  being 10 see a rc  r m s  i n  each case.  It is  seen t h a t  P 
b ias  has by far  the  most pronounced e f f ec t ,  accounting f o r  v i r t u a l l y  a l l  the  per
formance degradation observed i n  the case of b i a s  on a l l  th ree  angles. The y 
b ias  i s  seen t o  be qui te  unimportant and the  a b ias  of some importance. This 
r e s u l t  i s  consis tent  with the r e s u l t s  of other  unreported s tudies  which have 
shown t h a t  angle measurements i n  the plane of the  vehicle t r a j ec to ry  y ie ld  the  
most navigation information. Since the  plane of t he  t r a j ec to ry  used i n  t h i s  
study i s  close t o  the  reference equator ia l  plane,  P i s  e s sen t i a l ly  an in-plane 
angle. ?"nus, p measurements receive the  most weight i n  the  processing of data,  
so t h a t  unrecognized e r r o r s  i n  p w i l l  produce the  greatesx performance 
degradation. 

For a measurements, b i a s  appears t o  have the  most detrimental  e f f e c t  i n  
the  middle regions of c is lunar  space. For P measurements, the  e f f e c t  of b i a s  
i s  grea tes t  when P measurements a re  being made of t he  more d i s t an t  of t he  two 
bodies (Earth and Moon). For 7 measurements the  grea tes t  e f f e c t  of b i a s  occurs 
close t o  Earth or Moon when the near body i s  being observed. This i s  consistent 
with the  r e s u l t s  of the  previous section where only observations of t he  Earth i n  
the  ea r ly  par t  of the  f l i g h t  were considered, and Y b ias  w a s  seen t o  have a 
predominant e f f e c t  i n  t h i s  region. 



The preceding r e s u l t s  have shown the  degradation i n  system performance which 
occurs e i t h e r  when an unrecognized b i a s  e r ro r  e x i s t s  or when t h e  existence of a 
b i a s  e r r o r  i s  known but ignored i n  designing the  system. If the  s i t ua t ion  is  the  
former then the  r e s u l t s  given are simply an off-design performance analysis .  
However, if t he  s i t ua t ion  i s  the  l a t t e r ,  the  question a r i s e s  as t o  whether t he  
system design can be a l te red ,  without increasing i t s  complexity, t o  reduce the  
performance degradation. A simple remedy t h a t  may be considered i s  t o  assume 
t3~tthe  random e r ro r  is  la rger  than it ac tua l ly  is, which means merely using a 
larger  Q1 matrix in  the  computations. The logic behind such a design compromise 
i s  t h a t  if a la rger  Q1 matrix i s  used the  P matrix computed i n  the  estimation 
process is  not reduced so  rapidly as observations are made. The system then pays 
more a t ten t ion  t o  l a t e r  observations than it would otherwise so t h a t  t he  false 
information i n  ea r ly  observations i s  not so  damaging t o  the  performance. 

To i l l u s t r a t e  t h i s  pr inciple ,  a computer run w a s  made i n  which there  w a s  no 
b i a s  e r ro r  ( i . e . ,  Q2 = 0)  but Q1 w a s  increased so t h a t  t he  basic random e r ro r  
assumed w a s  20 sec a rc .  That i s ,  t h e  standard deviation of random observation 
e r r o r  i s  given by the  formula 

ra ther  than the expression given e a r l i e r  (eq.  (93 ) ) .  The rms prediction e;"ror 
f o r  t h i s  run i s  p lo t ted  i n  f igure  14  together with the  uncompensated 5 arc  sec 
b i a s  run repeated from f igure  10. It i s  seen t h a t  the  performances fo r  these 
two s i tua t ions  match f a i r l y  wel l .  T h a t  i s ,  the performance of a system with no 
b i a s  and properly compensated basic random er ror  of 20 sec a rc  (eq.  (94 ) )  i s  
similar t o  the  performance of a system with uncompensated 5 sec arc  b i a s  and 
properly compensated basic  random e r ro r  of 10 sec a rc  (eq.  (93) ) .  

The next s tep  would be t o  t r y  using Q1 as given QY equation (94) in  the  
b i a s  e r ro r  s i tua t ion ,  which should improve the  performance some. No r e su l t s  have 
been obtained t o  show the amount of improvement, but it is  expected t h a t  the  per
formance would be about the  same as t h a t  of an optimal system with a basic random 
e r r o r  of 15 sec a rc .  

When the  long schedule (a  t o t a l  of 400 observations) i s  used instead of the  
short  schedule, a more severe degradation i n  performance i s  produced by uncom
pensated b i a s .  This e f f ec t  i s  shown in  f igure  15, which shows the  performance of 
the  estimation system using t h e  long schedule f o r  no b i a s  e r ro r  and f o r  10 sec 
a rc  b ias .  It i s  seen t h a t  the  degradation due t o  b i a s  i s  so severe, tha t  the  long 
schedule with b ias  ac tua l ly  has poorer performance than the  short  schedule with 
b i a s  (except i n  the  region near per i lune) .  The reason f o r  t h i s  i s  t h a t  the  P' 
matrix becomes s m a l l  much more rapidly i n  t h i s  case than with the  short  schedule, 
and the  erroneous information obtained from the  biased ea r ly  observations has 
less chance of being corrected by the  subsequent observations. As  i n  the  case of 
t he  short  schedule, increasing the  s i ze  of t he  Q1 employed i n  the  computation 
should improve the  performance, perhaps subs tan t ia l ly  since the  bias-produced 
degradation i s  so large.  
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The ultimate measures of the  performance of the  guidance system are the end
point  miss and the  t o t a l  veloci ty  correct ion employed (which i s  equivalent t o  
f u e l  required) .  For a guidance system employing the  estimation scheme which has 
been described these quant i t ies  a re  given i n  t a b l e s  V I  and V I I .  Results a re  
shown f o r  each of the  b i a s  conditions considered. The guidance l a w  used f o r  com
puting the  veloci ty  correct ions i s  the  same as described e a r l i e r  i n  reference 2 
(using fixed-time-of-arrival p r inc ip l e s ) ,  each correct ion being computed from the 
estimated s t a t e  vector a t  the time of the  correct ion.  Errors i n  implementing the 
veloci ty  correct ions were assumed t o  be 0 .1  m/sec i n  magnitude and 0.50 i n  direc
t ion ,  r m s .  Five correct ions were made i n  each run, three on the outbound f l i g h t  
and two on the r e tu rn .  The t i m e  schedule of corrections,  shown i n  f igures  2 and 
3, i s  s l i g h t l y  d i f f e ren t  f o r  the  long and short  observation schedules. 

The r m s  miss data  i n  t ab le sVI  and V I 1  i s  given i n  terms of the  t o t a l  
posi t ion and ve loc i ty  deviations from the  nominal t r a j ec to ry  a t  the perilune and 
perigee end poin ts .  The r m s  var ia t ions  i n  ac tua l  perilune and perigee distances 
a re  a l s o  given, t he  l a t t e r  being s igni f icant  f o r  indicat ing the  probabi l i ty  of 
safe atmospheric en t ry  i n  terms of the  corr idor  concept. It i s  seen t h a t  the  
perigee deviations f o r  a l l  s i tua t ions  a r e  su f f i c i en t ly  small t o  v i r t u a l l y  insure 
safe entry.  Since perigee and perilune deviations a re  qui te  small compared t o  
the  t o t a l  pos i t ion  deviations,  the indicat ion i s  t h a t  most of the miss occurs 
along the  f l i g h t  pa th  - t h a t  i s ,  the  miss i s  mostly a deviation i n  the time of 
a r r i v a l  a t  the  end po in t .  The veloci ty  deviation a t  perilune i s  mostly a devia
t i o n  known t o  the  guidance system since the  veloci ty  uncertainty ( i . e . ,  t he  r m s  
e r ro r  i n  the  knowledge of t he  veloci ty)  i s  seen always t o  be an order of magni
tude smller than the  deviation. This occurs because the guidance l a w  employed 
corrects  only the  end-point pos i t ion  deviation, leaving a known but uncorrected 
veloci ty  deviation. The perilune veloci ty  deviation must, of course, be corrected 
on the re turn  l e g  of t he  f l i g h t  since it produces an end-point pos i t ion  deviation 
a t  the  Earth.  This accounts f o r  a la rge  p a r t  of the AV required on the  re turn  
l eg .  The veloci ty  deviation a t  the  Earth end-point can be regarded as a devia
t i o n  i n  reentry ve loc i ty  which i s  an i n i t i a l  condition f o r  the  terminal guidance 
system. 

The differences i n  m i s s  and AV performance f o r  the d i f fe ren t  b i a s  assump
t ions  a re  seen t o  be very nearly the  same as the  difference already i l l u s t r a t e d  
i n  the  time h i s to ry  p l o t s  of predict ion uncertainty,  f igures  10-14. For the  
short  schedule the  10 sec a rc  b i a s  produces a 40- t o  50-percent increase i n  pe r i 
lune posi t ion deviation and AV. The ve loc i ty  deviation a t  the  Moon i s  doubled. 
A t  the  Earth end-point the  miss has been near ly  t r i p l e d  but the  perigee a l t i t u d e  
deviation i s  increased only about 25 percent.  The re turn  AV i s  up 85 percent, 
p r inc ipa l ly  because of t he  subs tan t ia l  increase i n  perilune ve loc i ty  deviation. 

For the  long schedule, posi t ion and ve loc i ty  deviations a t  perilune a re  
t r i p l e d  by the  10 sec a rc  bias but perilune a l t i t u d e  deviation i s  up only 
s l igh t ly ,  and A V  i s  increased 65 percent.  For the re turn  f l i g h t ,  end-point 
posi t ion and ve loc i ty  deviations are increased roughly s i x  times and AV i s  
almost t r i p l e d ,  but perigee a l t i t u d e  va r i a t ion  i s  merely doubled, s o  t h a t  safe 
reentry could s t i l l  be effected.  Note t h a t  perigee end-point conditions and 
t o t a l  AV f o r  t he  long schedule a re  worse than f o r  the  short  schedule with b i a s  
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indicating t h a t  there  would be no point i n  using the  long schedule i n  the  
presence of such a b ia s  unless t h e  system is  modified i n  some way t o  take the  
b i a s  i n to  account. 

CONCLUDING REMARKS 

Equations have been developed which show (1)how t o  include astrodynamic 
constant uncertaint ies  and bias-type e r ro r s  i n  the  estimation process, and (2 )  
how t o  compute the  performance of a system subjected t o  unrecognized or ignored 
b i a s  e r rors .  The demonstrated techniques can be extended i n  a more or l e s s  
obvious manner t o  handle any type of e r ro r  model desired i n  the  estimation pro
cess,  and t o  treat many other  types of off-design analysis  problems. In  pr inc i 
ple ,  extending the  estimation process t o  more complicated e r ro r  models requires  
augmenting the  s t a t e  vector with addi t ional  e r ro r  components. For the  analysis  
of off-design performam? it i s  seen t h a t  one must i n  general  arrange t o  compute
the  covariance matrix E a ,  which i s  zero for optimal estimat,ion but not so f o r  
off -design s i tua t ions .  

The numerical r e s u l t s  given i n  the  report  show t h a t  t he  astrodynamic con
s t an t  uncertaint ies  a f f ec t  system performance in  only a minor way. Nevertheless, 
t h i s  type of secondary e r ro r  source does d i s t i n c t l y  l i m i t  system performance at  
the  lower end and must be given thoughtful consideration when quoting performance 
capab i l i t i e s .  

I n  regard t o  the  e f f e c t s  of b i a s  e r rors ,  an exhaustive analysis has not been 
attempted. However, the numerical r e s u l t s  indicate  t h a t  b i a s  can be expected t o  
have approximately the same e f f ec t  on system performance as uncorrelated e r ro r s  
of the  same magnitude. Also, t he  indication i s  that use of a sui table  uncorre
l a t e d  e r ror  model as an approximation t o  the  t rue  model w i l l  y ie ld  adequate 
though not optimwn r e s u l t s  . 

Ames Research Center 
National Aeronautics and Space Administration 

Moffett Field,  Ca l i f . ,  Oct. 2,  1963 
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CONTRACTION OF THE ESTIMATION EQUATIONS FOR U N C O R R E L A ! !  OBSERVATION ERRORS 

Estimation of t he  Astrodynamic Constants 

The estimated state vector is  defined as 
A 

;t*= [;I 
and the  extrapolation of the  estimate from t h e  time of one observation t o  the  
next is  of t h e  form 

The assumption t h a t  t he  e r ro r s  i n  successive observations are  uncorrelated i s  
equivalent t o  assuming @w = 0 i n  equation (A2); that  is ,  

Thus, equation (A2)can be contracted t o  the  form 

For processing the  k th  observation, the  equation i s  



A
Since w for use i n  (A?) ,  as determined by ( A 3 ) ,  i s  zero, equation (A?) i s  

However, since t h e  next appl icat ion of equation ( A 3 )  w i l l  r e s u l t ,  by assumption,
Ai n  wk+l(tk) = 0 ,  there  i s  no purpose t o  implementing equation (A7), and (A5)  may 

be contracted t o  

A similar method of analysis  can be applied t o  t h e  computation of the  
weighting m a t r i x ,  K .  For updating the  P matrix between observations, we have 
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MP*MT = [H o r] 	 rex 

0 

= [HP~HT+ r u l r T ]  

Then -
Pxe 0 

Pe 0 

0 ul, 

= 1 PexHT I [HPxHT + Q1-1 

where 
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Final ly ,  t he  change i n  P when the  observation is  processed i s  

Because of t he  n u l l  submatrices i n  P ( tk ) ,  t he  port ion of AP re la ted  t o  t h e  
observation e r r o r s  ( t o  the  r i g h t  and below the  dot ted l i n e s )  i s  uncoupled from 
t he  rest of AP. Since t h i s  portion of AP i s  not needed, and since Kw is  
not needed, equations (A9), ( A 1 2 ) ,  and ( A l 3 )  may be contracted as follows: 

k] = 
t k  

H~[HP,H~+ Q 1 - l  

Estimation of Mixed Random and B i a s  Observation Error 

The estimated state vector i s  defined as 

39 




and the  extrapolation from the  time of one observation t o  the  next i s  of t he  form 

Under the  assumption t h a t  the  nl e r ro r  i n  the kth observation i s  uncorrelated 
with t h a t  i n  the  (k-1)s t  observation ( i . e . ,  = O), equation (A18) can be con
t rac ted  t o  

For processing the  k th  observation, the  contracted equation is  

For updating the P matrix between observations we have 

!lT 0 

0 U'

j+ 
0

0

0 

0 

0i' 
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where U '  is  the  covariance matrix of u f ( t k , t k - l ) .  IT Qn = 0, then it is seen 

tk- 1 

Here, U' has been replaced by Q1 which, because of t he  assumption of uncorre
la ted  observation e r ro r ,  i s  dependent only upon the  time of the  present observa
t i o n  and can be a stored quant i ty .  

For t he  computation of K(tk),  we then have 

Then 

where A = (MPMT)-l from equation (A23). Final ly ,  t he  change i n  P when the  
observation is  processed is  
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Since Kn, is  not needed, it is  seen t h a t  equations (A21), (A24),and (A25) 
can be contracted as follows: 
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TABU I.- ERRORS ASSUMED 
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TABU3 11.-H-MA.TRM PARTIALS 

a a az 

0 

0 0 

-REzEV 0- R ~112~ ) 

k' - RW2 -
Rm2(Xm2 + Yw2)1'2 

-ym
x" + Ym 2 

0 y13v%M - %Vym 
X N *  + Y m 2  

RE radius of Earth Earth-vehicle vector 

RM radius of Moon 
-

REM Earth-Moon distance = Moon-vehicle vector = [E} 




I 
I 

None 1.67 

Ref. 2 
(426) WE 1.71 

Ref. 2 
(426) 2.40 

REM 2.72 

Ref. 2 
(426) 3-29 

None 1.66 

3-32 


Short 
None 2.39 

I J .E>IJ-M&M 3-92 
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TABLE 111.- PERILUNE PERFORMANCE - RMS VALUES 

Schedule M i s s  Uncertainty T o t a l  
(No. of E r r o r s  Perilune v a r i - lap plied av 

observations) a t ion,  rD, kn m/sec m/sec+4.76 1.1’ 0 -79 0 *077 9.76-c 
4.79 1 . l t  .82 .082 9.81 

8.96 1.4t -91

5.23 1.15 1.98 


9 -29 1.4: 2.11 .187 9.85 

5.80 1.23 77-
9.20 1.52 2.21 

-

.o.62 1-731-79 10.86 

.3.06 1.96 2.96 10.96 




I 

TABU 

~~ .. . . .

Miss 

~ 

E r r o r s  Perilune vari- r,
at ion,  rp ,  ~ I Y  km 

~~ - . ~ . -

None 1.34 26.1 
~ 

With 1-35 28.3 
.. 

None 1.13 16.0 
. - . 

With 1.14 17.3 

TABU V.- RMS ERRORS IN THE ESTIMATION OF THE ASTRODYNAMIC CONSTANTS 

__ 

‘PMJ
Condition Time m3/sec2 

~ . .  . -
At 

i nj e c t  ion 
~~ -	 _ - 

r
A t  
I 

r‘ peri lune 

All 
th ree  


e r ro r s  1 8.58~109 


1 

Schedule- 1  ‘2’-1 (No. of 
observations ) 

-r I 

I I I

J 

Short 
A t  	
7 8. 45xlOs .646x1OS I 1.93 1 (80) 
I 

perigee 7.61~109L 
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TABU VI.- OFF-DESIGN Fil3SULTS AT PERILUNE - RMS VALUES 

Schedule M i s s  Uncertainty
B i a s  Perilune N 

observat ions ) condit ion r,I km m/sec 

80 No b i a s  2.4 1.8 0.17 
-~ 

I I 

8o I “,P,Y I 2.8 12.2 I 2.3 1.9 -1.9 

2.3 .24 


1.9 .20 

10 sec80 on P 3 *7 15.5 3.4 2.2 .22 

10 sec I 2.4 10.8 1.7 1.8 .1880 I on y -
400 I No bias I 1.7 5.8 1.2 -77 .08 

400 I 10 sec 17.1 I 4.8 1.4 .16“,P,7 -

Total  
AV 9 

m/sec 
I--

10.9 


12.5 

-

15.4 


11.2 


15.2 

P 

10.9 
- _.

9.4 

15.6 
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TABU V I I .  - OFF-DESIGN RESULTS AT PERIGEE - RMS VALUES 


B i a s  
condition 

No bias 

5 sec 
U,P,Y 

10 sec 
a,P,r 


10 sec 
on a 

-

10 sec 
on P 

- . 

10 sec 
on Y 

No bias 

10 sec 
- U,P,Y 

~ 

Mi 

Perigee

variat ion,  
rp, km 
1.3 

~ 

1.4 

1.6 


1.5 
-

1.5 


1 . 4  

1.1 


2.3  
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Figure 1.-Angles measured i n  an Earth observation. 
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Figure 2 .  - Short observation and velocity correction schedule. 
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Figure 3.  - h n g  observation and velocity correction schedule. 
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Figure 4 .  - Trajectory i n  the v i c in i ty  of the Earth showing observation angles.  



6  


0 0 
0 

0 
0 

0 0 
0 0 

0 0 
0

4  


u- 0 
rrms, km 0 0 

0 0 .*8 0 

2 -

I I 1 1 1 

0 

NQ bias -/ 

0 .02 .O 4 .O6 ,08 .IO 
Time, days 

Figure 5.- History of the  rms e r ro r  i n  estimating posi t ion and velocity with and 
without 7 bias ,  5 see a rc .  
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Figure 7 .- Time h i s to r i e s  of observation errors assumed. 
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e r ro r  i n  estimating pos i t ion  and veloci ty  f o r  a simulated 
f l i g h t ,  7 b i a s  = 5 sec a rc .  
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Figure 9 . - History of bias estimates for a simulated f l i g h t .  
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Figure 10.- Performame with uncompensated bias on a, P,  Y (80-observation schedule). 
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Figure 11.-Performance with uncompensated bias on a (80-observation schedule). 
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Figure 12.- Performance with uncompensated bias on P (80-observation schedule). 
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Figure 13.- Performance with uncompensated bias on 7 (80-observation schedule). 
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Figure 14.- Equivalence of systems with and without uncompensated bias. 
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